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Abstract In this paper we construct a coordinate atlas in an exotic R4 using
Bizaca’s construction. The main source for such an atlas is the handle body
decomposition of a Casson handle, which of course is an infinite, but periodic,
process. The immersion of the end-periodic manifold into R4 is directly related
to the exoticness of the R4 and also gives rise naturally to a spinor field. Thus
we obtain the interesting result that the simplest exotic R4 generates an extra
spinor field by exoticness.
Keywords exotic R4, exotic coordinate path, spinor field by exotic
smoothness
1 Introduction
The existence of exotic (non-standard) smoothness on topologically simple 4-
manifolds such as exotic R4 or S3×R, has been known since the early eighties
but the use of them in physical theories has been seriously hampered by the
absence of finite coordinate presentations. However, the work of Bizaca and
Gompf [11] provides a handle body representation of an exotic R4 which can
serve as an infinite, but periodic, coordinate representation.
Thus we are looking for the decomposition of manifolds into small non-
trivial, easily controlled objects (like handles). As an example consider the
2-torus T 2 = S1 × S1 usually covered by at least 4 charts. However, it can
be also decomposed using two 1-handles D1 ×D1 attached to the 0−handle
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2D0 ×D2 = D2 along their boundary ∂D2 = S1 via the boundary component
of the 1-handle ∂D1×D1 = S0×D1, the disjoint uinon of two lines S0×D1 =
D1⊔D1. Finally one has to add a 2-handle D2×D0 to get the closed manifold
T 2. Every 1-handle can be covered by (at least) two charts and finally we
recover the covering by 4 charts. Both pictures are equivalent but the handle
picture has one simple advantage: it reduces the number of fundamental pieces
of a manifold and of the transition maps. The gluing maps of the handles
can be seen as a generalization of transition maps. Then the handle picture
presents only the most important of these gluing or transition maps, omitting
the trivial transition maps.
In this paper we will present such a coordinate representation, albeit infi-
nite, of an exotic R4 based on the handle body decomposition of Bizaca and
Gompf. We suggest that one of the consequences of this approach would be
to suggest a positive answer for the Brans conjecture, that exotic smoothness
serves as an additional gravitational source as a spinor field naturally arising
from the handlebody construction. The compact case was worked out in [7].
2 Construction of exotic R4
Our model of space-time is the non-compact space topological R4. The results
can be easily generalized for other cases such as S3 × R.
2.1 Handle decomposition and Casson handle
Every 4-manifold can be decomposed using standard pieces such asDk×D4−k,
the so-called k-handle attached along ∂Dk×D4−k to the 0−handle D0×D4 =
D4. In the following we need two possible cases: the 1-handleD1×D3 and the 2-
handle D2×D2. These handles are attached along their boundary components
S0 ×D3 or S1 ×D2 to the boundary S3 of the 0−handle D4 (see [20]). The
attachment of a 2-handle is defined by a map S1×D2 → S3, the embedding of
a circle S1 into the 3-sphere S3, i.e. a knot. This knot into S3 can be thickened
(or a knotted solid torus). The important fact for our purposes is the freedom
to twist this knotted solid torus via Dehn twist. The (integer) number of these
twists (with respect to the orientation) is called the framing number or the
framing. Thus the gluing of the 2-handle onD4 can be represented by a knot or
link together with an integer framing. The simplest example is the unknot with
framing ±1 is the complex projective space CP 2 or with reversed orientation
CP
2
, respectively.
The 1-handle will be glued by the map of S0 × D3 → S3 represented by
two disjoint solid 2-spheres D3. Akbulut [2] introduced another description.
He observed that a 1-handle is something like a surgered 2-handle with a fixed
framing. The notation in this figure represents erasing the framing coefficient
of the unknot by putting a dot on it (see figure 1). We remark that some of
the figures are a redrawing of pictures in [20].
3Fig. 1 Surgering a 2-handle to a 1-handle (The symbol ∂ indicates the diffeomorphism
between the boundaries of the corresponding 4-manifolds)
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Fig. 2 Handle decomposition of Bizacas exotic R4
In detail, the procedure can be described as follows. The main observation
is that the union of one 0-handle and m 1-handles (≈ ♮mS1 ×D3 with ♮m as
m-times boundary connected sum, see appendix A) has the same boundary
as m 2-handles (0-framed) (≈ ♮mS2 × D2) to an m-component unlink (i.e.,
the boundary of an embedding in S3 of m disjoint disks). In fact, the latter
4-manifold contains a canonical collection of m (uniquely) framed 2-spheres
S2×{∗} ⊂ S2×D2, and surgery on these framed spheres gives back ♮mS1×D3.
Thus, an m-component unlink with a dot on each component is the same as
m 1-handles.
Now we are ready to present the handle body decomposition of an exotic
R4 by Bizaca in Fig. 2.
It is very important to notice that the exotic R4 is the interior of the
given handle body (since the handle body has a non-null boundary). The
construction can be divided into two parts represented in the figure 3.
The first part is known as the Akbulut cork represented by figure 4.
In the appendix B we will give a short description of the Akbulut cork and
its meaning for the smoothness of 4-manifolds. The second part is the Casson
handle CH where we use the simplest example (see figure 5).
Start with the construction of the Akbulut cork A as a contractible 4-
manifold with boundary the homology 3-sphere Σ(2, 5, 7). This homology 3-
4Fig. 3 Principal picture of an exotic R4
Fig. 4 Akbulut cork
Fig. 5 Simplest Casson handle
sphere is given by the set
Σ(2, 5, 7) =
{
x, y, z ∈ C |x2 + y5 + z7 = 0 , |x|2 + |y|2 + |z|2 = 1}
Now it is easy to define the interior int(A) of the cork as the set
int(A) =
{
x, y, z ∈ C |x2 + y5 + z7 = 0 , |x|2 + |y|2 + |z|2 < 1}
This set is a smooth manifold which can be covered by a finite number of
charts. But the smoothness structure of the exotic R4 depends mostly on
5Fig. 6 More complex Casson handle
the Casson handle. If we take (instead of the simplest handle in Fig.5) the
more complex Casson handle in Fig. 6 then we obtain another exotic R4 non-
diffeomorphic to the previous one.
Now consider the Casson handle and its construction in more detail. Briefly,
a Casson handle CH is the result of attempts to embed a disk D2 into a 4-
manifold. In most cases this attempt fails and Casson [12] looked for a substi-
tute, which is now called a Casson handle. Freedman [15] showed that every
Casson handle CH is homeomorphic to the open 2-handleD2×R2 but in nearly
all cases it is not diffeomorphic to the standard handle [18,19]. The Casson
handle is built by iteration, starting from an immersed disk in some 4-manifold
M , i.e. a map D2 →M with injective differential. Every immersion D2 →M
is an embedding except on a countable set of points, the double points. One
can kill one double point by immersing another disk into that point. These
disks form the first stage of the Casson handle. By iteration one can produce
the other stages. Finally consider not the immersed disk but rather a tubular
neighborhood D2 ×D2 of the immersed disk including each stage. The union
of all neighborhoods of all stages is the Casson handle CH . So, there are two
6Fig. 7 Whitehead link
input data involved with the construction of a CH : the number of double
points in each stage and their orientation ±. Thus we can visualize the Casson
handle CH by a tree: the root is the immersion D2 →M with k double points,
the first stage forms the next level of the tree with k vertices connected with
the root by edges etc. The edges are evaluated using the orientation ±. Every
Casson handle can be represented by such an infinite tree. The Casson handle
CH(R+) in Fig.5 is the simplest Casson handle represented by the simplest
tree R+ having one vertex in each level connected by one edge with evaluation
+. We will now go into more detail. The reader not interested in very technical
terms can go directly to the next subsection.
Each building block of a Casson handle, sometimes called a “kinky” handle,
is diffeomorphic to ♮(S1D3) with two attaching regions. Technically speaking,
one region is a tubular neighborhood of band sums of Whitehead links (see
Fig. 7) connected with the previous block.
The other region is a disjoint union of the standard open subsets S1×D2 in
#S1×S2 = ∂(♮S1D3) (this is connected with the next block). The number of
end-connected sums is exactly the number of self intersections of the immersed
two handle. The simplest Casson handles have S1×D3 as their building blocks
represented by the Fig. 7.
We attach a Casson handle to the zero–handle along the attaching cir-
cle and denote it by S = D4 ∪ CH . Consider a simple Casson handle, say
CH(R+), a periodic Casson handle with positive orientation kinks (see Fig.
5). As shown in [22], the Casson handle is a so-called end-periodic manifold, i.e.
a manifold with a periodic structure of building blocks, discussed in the next
subsection. The periodicity of the topological construction can be naturally
translated into the periodicity of the metric to be imposed on the resulting
manifold. The building block as an open manifold becomes an ‘open cylin-
drical’ manifold. Then one connects two attaching regions in a block. The
result becomes a cylindrical manifold on which analysis is already well known.
By equipping it with a suitable weight function, one will apply the general-
ized Fourier–Laplace transform between complex functions on the cylindrical
manifold and its periodic cover. Thus one is able to construct operators or
functions over S = D4 ∪CH(R(2)). This method shows that once one obtains
some suitable function spaces on any open manifolds, then the generalized
Fourier–Laplace transform (described below) works on their periodic covers.
We will use this observation iteratively. As described above a Casson handle
can be expressed by an infinite tree with one end point and with a sign ± on
each edge. The next simplest Casson handle (see Fig. 6) will be represented
7as follows (here we will follow [22] very closely). Let R+ be the half-line with
the vertices {0, 1, 2, . . .}. We prepare another family of half-lines {Ri+}i=1,2,...
assigned with indices. Then we obtain another infinite tree:
R(2) = R+
⋃
i=1,2,...
Ri+
where we connect i in R+ with 0 in R
i
+. For example one may assign − on
R+ and + on all
{
Ri+
}
i
. Then one obtains the corresponding Casson han-
dle CH(R(2)). In this case the building blocks are diffeomorphic to Σˆ2 =
(S1×D3)♮(S1×D3) along R+. Σˆ2 has three attaching components. One is µ,
the tubular neighborhood of the band sum of two Whitehead links as before.
We will denote the others by µ′ and γ , where these represent a generator
of π1
(
Σˆ2
)
. In order to apply Fourier–Laplace transform (described below),
one takes end-connected sums twice. Firstly one takes the end-connected sum
between µ and µ′ as before. The result is an ‘open cylindrical’ manifold, since
there still remains one attaching region, γ . One takes the end-connected sum
of this with CH(R+) along γ . In this manner, one obtains another open mani-
fold,
(
Σˆ2/ (µ ∼ µ′)
)
♮γCH(R+). Thus one is again able to construct operators
or functions over S = D4 ∪CH(R(2)).
2.2 The periodic coordinate patch
By using the interpretation of the previous subsection [22], the Casson han-
dle can be interpreted as an end-periodic manifold. An end-periodic manifold
starts with a compact submanifold, K, with boundary or end N and building
blocksW with two ends. Now we glue the building blocks along a chain to ob-
tain an end-periodic manifold. In the case of the Casson handle, the compact
K is the Akbulut cork described above and the building block is the tubular
neighborhood of the self-intersecting disk. In the following subsection we will
describe the general approach to end-periodic manifolds and their analytical
properties using extensively Taubes paper [23]. Then we will discuss the spe-
cial end-periodic manifold, the Casson handle. Finally the coordinate patch is
given by the handle decomposition of the Casson handle.
2.2.1 Analytical properties of end-periodic manifolds
The following definition is very formal and we refer to the Fig. 8.
A smooth, oriented manifold M is end-periodic if the following data exists
(here we will follow Taubes paper [23] very closely):
1. A smooth, connected, oriented and open manifold W with two ends, N+
and N−. W is called the fundamental segment or building block. Thus,
there exists a compact set C ⊂W such that W \C is the disjoint union of
two nonempty, connected, open sets, N+ and N−.
8Fig. 8 end-periodic manifold (fig. redraw from [23])
2. Suppose that there is a compact set C+ ⊂ N+ such that N+ \ C+ has
two connected components, N++ and N+−. Assume that C+ is such that
W \C+ is the disjoint union of N− ∪C ∪N+− and N++. Similarly, assume
that a compact set C− ⊂ N−exists such that N−\C is the disjoint union of
two connected components N−−and N−+, and that W \C− is the disjoint
union of N−− and N−+ ∪C ∪N+. Assume that there is a diffeomorphism
i : N+ → N− which is orientation preserving and which takes N++to N−+
and N+− to N−−.
3. An open set K ⊂M , with one end, N . Suppose that a compact set C0 ⊂ N
exists such that N \C0 is the disjoint union of two open sets N0−and N0+.
Assume that K \C has two components, (K \N)∪N0− and N0+. Require
that there exists a diffeomorphism i− : N → N− which takes N0−to N−−
and N0+ to N−+. Require that i− preserve orientation.
4. An orientation preserving diffeomorphism φ :M → K∪NW ∪NW ∪N · · · .
HereK∪NW is obtained from the disjoint union ofK andW by identifying
N ⊂ K with N− ⊂W via i−. Also, W ∪N W is obtained from the disjoint
union of two copies ofW ,W1∪W2, by identifying N+ ⊂W , with N− ⊂W ,
via i−. (see Fig. 8)
In particular, there is an identifying map T : Wi → Wi+1 of the copies of W .
With the help of the map T it is possible to investigate analytical properties
of functions. We will follow very closely the article of Taubes [23] for the
analytical description of end-periodic manifolds.
First note that the map i : N+ → N− can be used to identify the two ends
of the building block W . One obtains Y = W/i having the Z-fold cover
Y˜ = · · · ∪N W−1 ∪N W0 ∪N W1 ∪N · · ·
as an end-periodic manifold with projection π : Y˜ → Y . Then the end
End(M) =W0 ∪N W1 ∪N W2 ∪N · · · (1)
is a subset of Y and can be identified withM\(K\N). A vector bundle E →M
is end-periodic if the the map T lifts to a bundle map T˜ : E|Wi → E|Wi+1 or
if E|End(M) = π∗EY where EY → Y is a vector bundle and π : End(M)→ Y
the projection. Then we obtain the main idea for the analytical description:
Transform a function over M to a function over Y˜ considered as periodic
function. Thus, it is enough to consider a function as a smooth, compactly
9supported section ψ ∈ Γ0(E˜) of a periodic vector bundle E˜ → Y˜ . We define
the generalized Fourier-Laplace transform (or Fourier-Laplace transform for
short) of ψ by
ψˆz(.) =
∞∑
n=−∞
zn(T˜ nψ)(.) (2)
with z = exp(iδ) ∈ S1 = C/Z = C∗. ψˆ defines a smooth section of the vector
bundle
EY (z) =
[
E˜ ⊗ C/Z
]
over Y = Y˜ /Z, where Z acts on E˜ ⊗ C via the action sending 1 ∈ Z and
(p, λ) ∈ E ⊗ C to (T˜ p, zλ). The collection
EY = {EY (z) : z ∈ C/Z}
can be seen as a smooth vector bundle over Y × C/Z. The Fourier-Laplace
transform can be inverted as follows: Let ηˆ be any section of EY over Y ×C∗
holomorphic in C∗ = C/Z = S1. Then, if s ∈ (0,∞), the formula
(T˜ nη)(x) =
1
2πi
∫
|z|=s
z−nηˆz(π(x))
dz
z
(3)
for x ∈W0 and π(x) ∈ Y defines a section of E˜ over Y˜ .
2.2.2 The metric and the periodic coordinate patch
We are interested in a smooth metric g over M which can be seen as a section
in the tensor bundle TM ⊗TM . One way to introduce a metric was described
in [22] by using an embedding of M in some Euclidean space. Here we will use
another method to construct g by a periodic metric gˆ on Y giving a metric on
the building block W . To reflect the number of the building block, we have to
extend gˆ to Y ×C∗by using a metric gˆzholomorphic in z ∈ C∗ = S1. From the
formal point of view we have
gˆz(.) =
∞∑
n=0
anz
n · gˆ(.) (4)
where the coefficient an represents the building blockWn in End(M) (see (1)).
Without loss of generality we can choose the coordinates x in M so that the
0th component x0 is related to the integer n = [x0] via its integer part [ ].
Using the inverse transformation (3) we can construct a smoth metric g in
End(M) at the nth building block via
(T˜ ng)(x) =
1
2πi
∫
|z|=s
z−ngˆz(π(x))
dz
z
for x ∈ End(M) ⊂ Y˜ , s ∈ (0,∞), n = [x0] and π : Y˜ → Y .
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Let gA be the metric in the interior of the cork A. As discussed above
the Casson handle can be interpreted as end-periodic manifold if the Casson
handle is generated by a balanced tree. The two infinite trees R±, R(2) in
subsection 2.1 are examples of balanced trees. Using this information together
with the handle body structure of the exotic R4 then we obtain for the metric
g on M = R4Θ:
g(x) =
{
gA(x) x ∈ int(A)
(T˜ [x0]g)(x) x ∈ End(M)
which is periodic at the end End(M) of M . The end-periodic structure of the
Casson handle induces the periodic coordinate patch of the exotic R4.
But can we make sense of the idea of localizing the exotic smoothness of
the R4Θ? The work in [10,11] implies that the Casson handle relative to the
attaching circle encoded in the periodic structure is the main incredient. Thus
we have to analyze the structure of the Casson handle more carefully. The
main ingredient of a Casson handle CH is the immersed disk D2 →֒ CH , i.e.
the image is a disk with self-intersections. In the appendix C we represent such
a disk in appropriate coordinates. In the next section we will investigate this
immersed disk representing the attaching circle of the Casson handle.
3 The Brans conjecture
For the following we assume a trivial Casson handle CH0 = D
2 × R2 in the
standard M = R4 (i.e. having the standard differential structure) and a non-
trivial Casson handle CH in the exotic N = R4Θ (i.e. admitting an exotic
differential structure). We assume a metric gM on M (constructed above)
satisfying the source-free Einstein equation
Rµν = 0 . (5)
The corresponding action is
S =
∫
M
RM
√
gMd
4x
with the scalar curvature RM of M . As stated above, the differential structure
depends on the Casson handle CH relative to the attaching region ∂CH . As
Bizaca [9,8,10] showed the Casson handle will be attached to the Akbulut cork
A defined above along a circle. Then the complements M \CH0 and N \CH
are diffeomorphic. Thus, from the physical point of view we have the relative
action ∫
M\CH0
RM
√
gMd
4x
but the manifold M \CH0 has a boundary ∂CH0 and as we learned above the
concrete embedding of this boundary (i.e. the attaching of the Casson handle)
11
determines the differential structure1. But then we need the action with a
boundary term
S(M,CH0) =
∫
M\CH0
RM
√
gMd
4x+
∫
∂(M\CH0)
KCH0
√
g∂d
3x (6)
where KCH0 is the trace of the second fundamental form of the boundary
∂CH0 with metric g∂ . Now we are looking for the motivation of the action at
the boundary. As shown by York [24], the fixing of the conformal class of the
spatial metric in the ADM formalism leads to a boundary term which can be
also found in the work of Hawking and Gibbons [17]. Also Ashtekar et.al. [5,
6] discussed the boundary term in the Palatini formalism. All these discussion
suggest the choice of the following term for a boundary∫
∂(M\CH0)
KCH0
√
g∂d
3x =
∫
∂(M\CH0)
tr(θ ∧R)
by using a frame θ and the curvature 2-form R. The attaching region ∂CH
can be described as the immersion of D2× (0, 1) into M = R4. In appendix D
we describe the spinor representation of an immersed surface D2 in R3 which
can be easily extended to an immersion of the attaching region D2×(0, 1) into
M = R4. By using relation (15) in appendix D we obtain the contribution∫
∂(M\CH0)
KCH0
√
g∂d
3x =
∫
∂(M\CH0)
ψγµDµψ
√
g∂d
3x (7)
to the action (6). But the spinor representation has one property: this action
functional vanishes if the boundary is embedded, i.e. has no self-intersections.
Thus we obtain only a contribution to the action∫
∂(N\CH)
ψγµDµψ
√
g∂ d
3x
for the exotic smoothness encoded into the boundary of N \ CH .
As described in Appendix E, one can extend the action along the boundary
∂(N \ CH) to the whole 4-dimensional manifold N \ CH to get the action
S(N,CH) =
∫
N\CH
(RM + ψγ
µDµψ)
√
gMd
4x (8)
relative to the attaching region. Thus we obtain the Einstein-Hilbert action
with a source term.
Now summarize this result. By using Bizacas construction we obtain a
coordinate patch of an exotic R4. The exoticness is directly related to the
1 As Freedman [15] showed, the interior of every Casson handle is diffeomorphic to the
standard R4, i.e. if one forgets the attaching of the Casson handle.
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attaching region of a Casson handle. That region can be interpreted as an
immersed surface for which we obatin a representation using a spinor. In [7]
we also discussed the influence of the other immersed disks in the Casson
handle. The results of this paper can be extended to our case of a small exotic
R4 as well.
Finally we obtain the result:
Thus in general we obtain the combined action of a spinor field coupled to
the gravitational field. The spinor field is represented by the complement of an
immersed disk in the Casson handle.
Appendix
Appendix A - Connected and boundary connected sum
Let M,N be two n-manifolds with boundaries ∂M, ∂N .
The connected sum M#N is the procedure of cutting out a disk Dn from
the interior int(M) \ Dn and int(N) \ Dn with the boundaries Sn−1 ⊔ ∂M
and Sn−1 ⊔ ∂N , respectively, and glueing them together along the common
boundary component Sn−1. The boundary ∂(M#N) = ∂M⊔∂N is the disjoint
sum of the boundaries ∂M, ∂N .
The boundary connected sum M♮N is the procedure of cutting out a disk
Dn−1 from the boundary ∂M \Dn−1 and ∂N \Dn−1 and gluing them together
along Sn−2 of the boundary. Then the boundary of this sum M♮N is the
connected sum ∂(M♮N) = ∂M#∂N of the boundaries ∂M, ∂N .
Appendix B - Akbulut cork and smoothness of 4-manifolds
Consider the following situation: one has two topologically equivalent (i.e.
homeomorphic), simple-connected, smooth 4-manifolds M,M ′, which are not
diffeomorphic. There are two ways to compare them. First one calculates
differential-topological invariants like Donaldson polynomials [14] or Seiberg-
Witten nvariants [1]. But there is another possibility: It is known that one
can change a manifold M to M ′ by using a series of operations called surg-
eries. This procedure can be visualized by a 5-manifold W , the cobordism.
The cobordism W is a 5-manifold having the boundary ∂W =M ⊔M ′. If the
embedding of both manifolds M,M ′ in to W induces homotopy-equivalences
then W is called an h-cobordism. Furthermore we assume that both manifolds
M,M ′ are compact, closed (no boundary) and simply-connected. As Freed-
man [15] showed a h cobordism implies a homeomorphism, i.e. hcobordant
and homeomorphic are equivalent relations in that case. Furthermore, for that
case the mathematicians [13] are able to prove a structure theorem for such
h-cobordisms:
Let W be a h-cobordism between M,M ′. Then there are contractable submani-
folds A ⊂M,A′ ⊂M ′ together with a sub-cobordism V ⊂W with ∂V = A⊔A′,
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so that the h-cobordism W \ V induces a diffeomorphism between M \ A and
M ′ \A′.
Thus, the smoothness of M is completely determined (see also [3,4]) by the
contractible submanifold A and its embedding A →֒ M . One calls A, the Ak-
bulut cork. According to Freedman [15], the boundary of every contractible 4-
manifold is a homology 3-sphere. This theorem was used to construct an exotic
R4. Then one considers a tubular neighborhood of the sub-cobordism V be-
tween A und A′. The interior int(V ) (as open manifold) of V is homeomorphic
to R4. If (and only if) M and M ′ are homeomorphic, but non-diffeomorphic
4-manifolds then the interior int(V ) is an exotic R4.
Appendix C - Representation of the self-intersecting disk
Every immersed disk with one double point can be uniquely described via its
boundary. The boundary is a curve with one double point parametrized by a
singular elliptic curve
y2 = x3 − ax+ b with 4a3 = 27b2 (9)
with coordinates (x, y) ∈ R2 and parameters a, b ∈ R. Without loss of gener-
ality, we specialize to the concrete case a = 3, b = 2 with the double point at
y = 0, x = 1. The tubular neighborhood of this curve can be simply written
as the complexification of the above curve, i.e. (x, y) ∈ C2 where the double
point is now located along a disk centered at y = 0, x = 1. The double point
defines a branch point of index 2.
Appendix D - Spinor representation of immersed disks
In this appendix we will follow the paper [16] very closely. Given a 2-disk D2
and a 4-manifold M . The map i : D2 → M is called an immersion if the
differential di : TD2 → TM is injective. It is known from singularity theory
[21] that every map of a 2-manifold into a 4-manifold can be deformed to
an immersion, the immersion may not be an embedding i.e. the immersed
disk may have self-intersections. For the following discussion we consider the
immersion D2 → U ⊂ R4 of the disk into one chart U of M .
For aimplicity, start with a toy model of an immersion of a surface into
the 3-dimensional Euclidean space. Let f : M2 → R3 be a smooth map of a
Riemannian surface with injective differential df : TM2 → TR3, i.e. an im-
mersion. In the Weierstrass representation one expresses a conformal minimal
immersion f in terms of a holomorphic function g ∈ Λ0 and a holomorphic
1-form µ ∈ Λ1,0 as the integral
f = Re
(∫
(1− g2, i(1 + g2), 2g)µ
)
.
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An immersion of M2 is conformal if the induced metric g on M2 has compo-
nents
gzz = 0 = gz¯z¯ , gzz¯ 6= 0
and it is minimal if the surface has minimal volume. Now we consider a spinor
bundle S on M2 (i.e. TM2 = S ⊗ S as complex line bundles) and with the
splitting
S = S+ ⊕ S− = Λ0 ⊕ Λ1,0
Therefore the pair (g, µ) can be considered as spinor field ϕ on M2. Then
the Cauchy-Riemann equation for g and µ is equivalent to the Dirac equation
Dϕ = 0. The generalization from a conformal minimal immersion to a confor-
mal immersion was done by many authors (see the references in[16]) to show
that the spinor ϕ now fulfills the Dirac equation
Dϕ = Kϕ (10)
whereK is the mean curvature (i.e. the trace of the second fundamental form).
The minimal case is equivalent to the vanishing mean curvatureH = 0 recover-
ing the equation above. Friedrich [16] uncovered the relation between a spinor
Φ on R3 and the spinor ϕ = Φ|M2 : if the spinor Φ fulfills the Dirac equation
DΦ = 0 then the restriction ϕ = Φ|M2 fulfills equation (10) and |ϕ|2 = const.
Therefore we obtain
H = ϕ¯Dϕ (11)
with |ϕ|2 = 1.
Now we will discuss the more complicated case. For that purpose we con-
sider the kinky handle which can be seen as the image of an immersion
I : D2 × D2 → R4. This map determines a restriction of the immersion
I|∂ : ∂D2×D2 → R4 with image a knotted solid torus T (K) = I|∂(∂D2×D2).
But a knotted solid torus T (K) = K × D2 is uniquely determined by its
boundary ∂T (K) = K × ∂D2 = K × S1, a knotted torus given as image
∂T (K) = I∂×∂(T
2) of the immersion I|∂×∂ : T 2 = S1 × S1 → R3. But as
discussed above, this immersion I|∂×∂ can be defined by a spinor ϕ on T 2
fulfilling the Dirac equation
Dϕ = Kϕ (12)
with |ϕ|2 = 1 (or an arbitrary constant) (see Theorem 1 of [16]). The transition
to the case of the immersion I|∂ can be done by constructing a spinor φ out of
ϕ which is constant along the normal of the immersed torus T 2. As discussed
above a spinor bundle over a surface splits into two sub-bundles S = S+⊕S−
with the corresponding splitting of the spinor ϕ in components
ϕ =
(
ϕ+
ϕ−
)
and we have the Dirac equation
Dϕ =
(
0 ∂z
∂z¯ 0
)(
ϕ+
ϕ−
)
= K
(
ϕ+
ϕ−
)
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with respect to the coordinates (z, z¯) on T 2. In dimension 3 we have a spinor
bundle of same fiber dimension then the spin bundle S but without a splitting
into two sub-bundles. Now we define the extended spinor φ over the solid torus
∂D2 ×D2 via the restriction φ|T 2 = ϕ. Then φ is constant along the normal
vector ∂Nφ = 0 fulfilling the 3-dimensional Dirac equation
D3Dφ =
(
∂N ∂z
∂z¯ −∂N
)
φ = Kφ (13)
induced from the Dirac equation (12) via restriction and where |φ|2 = const.
Especially we obtain for the mean curvature
K = φ¯D3Dφ (14)
of the knotted solid torus T (K) (up to a constant from |φ|2). Or in local
coordinates
K = φσµD3Dµ φ (15)
with the Pauli matrices σµ.
Appendix E - Extension of the action from 3D to 4D
Now we will discuss the extension from the 3D to the 4D case. Let ι : D2×S1 →֒
M be an immersion of the solid torus Σ = D2 × S1 into the 4-manifold M
with the normal vector N. The spin bundle SM of the 4-manifold splits into
two sub-bundles S±M where one subbundle, say S
+
M , can be related to the spin
bundle SΣ . Then the spin bundles are related by SΣ = ι
∗S+M with the same
relation φ = ι∗Φ for the spinors (φ ∈ Γ (SΣ) and Φ ∈ Γ (S+M )). Let ∇MX ,∇ΣX be
the covariant derivatives in the spin bundles along a vector field X as section
of the bundle TΣ. Then we have the formula
∇MX (Φ) = ∇ΣXφ−
1
2
(∇XN) ·N · φ (16)
with the obvious embedding φ 7→
(
φ
0
)
= Φ of the spinor spaces. The expres-
sion ∇XN is the second fundamental form of the immersion with trace the
mean curvature 2K. Then from (16) one obtains a similar relation between
the corresponding Dirac operators
DMΦ = D3Dφ−Kφ (17)
with the Dirac operator D3D defined via (13). Together with equation (13) we
obtain
DMΦ = 0 (18)
i.e. Φ is a parallel spinor.
Conclusion: There is a relation between a 3-dimensional spinor φ on a
3-manifold Σ fulfilling a Dirac equation DΣφ = Kφ (determined by the im-
mersion Σ → M into a 4-manifold M) and a 4-dimensional spinor Φ on a
16
4-manifold M with fixed chirality (∈ Γ (S+M ) or ∈ Γ (S−M )) fulfilling the Dirac
equation DMΦ = 0.
From the Dirac equation (18) we obtain the the action∫
M
Φ¯DMΦ
√
g d4x
as an extension of (7) to the whole 4-manifold M . By variation of the action
(7) we obtain an immersion of minimal mean curvature, i.e. K = 0. Then we
can identify via relation (17) the 4-dimensional and the 3-dimensional action
via ∫
M
Φ¯DMΦ
√
gM d
4x =
∫
T (K)
φ¯D3Dφ
√
g∂ d
3x =
∫
T (K)
K
√
g∂ d
3x
Therefore the 3-dimensional action (7) can be extended to the whole 4-manifold
(but for a spinor Φ of fixed chirality). Finally we showed that the spinor can
be extended to the whole 4-manifold M .
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